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Abstract
The nonlinear σ-model in (2+1) dimensions admits topological configurations called skyrmions.
The topological charge of skyrmions turn out to be the fermionic number and the fermionic current
is dictated by the skyrmion field configuration. The peculiar feature of this model is that a Hopf
term introduced into the Lagrangian can lead to exotic spin and fractional statistics.
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I. TOPOLOGICAL FOUNDATION
Consider a scalar field theory with a continuous symmetry group G. If the potential
has a minimum which spontaneously break the symmetry to its subgroup H , there will be
Goldstone modes corresponding to the broken generators, with the effective action[? ]
S[π] =
∫
dd+1x[
1
2
gab(π)∂iπa∂iπb + · · · ] (1)
where d is the dimension of the Euclidean space, gab is a positive-definite metric, and there
may be terms of higher order derivatives of π. For the gradient energy to be finite, ∂iπa(x)
should vanish at infinity faster than |x|−d/2, that is, πa(x) should approach a constant at
infinity.
The field πa(x) acts as a map from the d-dimensional Euclidean space toward the space
of the Goldstone modes, i.e. the coset manifold G/H . Further, following the requirement
of finite energy discussed above, the sphere at |x| → ∞ is mapped as one point. In other
words, the d-dimensional space is compactified as a sphere Sd and mapped to G/H by the
field configuration.
The set of all the configurations is thus divided into several classes which are not con-
nected to each other by a continuous path, according to the degree of the map. These are
field configurations with different topology, corresponding to different elements in the d-th
homotopy group of G/H . Moreover since they are not connected, configurations in one class
cannot be slowly deformed to those in another class, e.g. by low temperature fluctuations,
adiabatic time evolutions, etc. Hence the degree of the map is in most cases a conserved
number.
In this way we have found several static field configurations other than the trivial vac-
uum. The configurations with the lowest gradient energy in each class, because they are
by definition at the local minimum of the potential energy everywhere, will also satisfy the
action principle and so make themselves classical solutions to the theory. Because the de-
gree of the map is topologically protected, quantum fluctuations can hardly destroy these
configurations. Hence we expect them to appear in the quantized version of the scalar field
theory too. The nonlinear σ model as a specific example is discussed in the next section.
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II. NONLINEAR σ-MODEL
The nonlinear σ-model was first constructed to study the axial current in β-decays in the
physical spacetime with (3+1) dimensions[? ]. The Lagrangian is
L = −N¯ [γµ∂µ +m0 − g0(σ + iτ · piγ5)]N − L(σ,pi) (2)
where N is the nucleon field, L(σ,pi) is a function of the meson fields σ, pi with the ordinary
gradient term and a potential which acquires its local minimum at
pi
2 + σ2 = C2 (3)
where C is a constant. Now pi and σ are related by a nonlinear equation and the original
symmetry group SO(4) is broken to SO(3) when a vacuum expectation value is selected.
The topological classes of the meson field configuration is thus shown by the homotopy
group π3(S3), since S3 = SO(4)/SO(3). The group is known to be the infinite cyclic group
Z, which tells that there are infinite topological classes, characterized by the conserved
topological charge Q = 0,±1,±2, · · · The configuration with Q = 1 is called a skyrmion[?
].
For reasonable interest here we consider the nonlinear σ-model in (2+1) dimensions in-
stead. The homotopy group concerned now is π2(G/H) and for the skyrmion to appear, we
want it to be the infinite cyclic group as well. A natural candidate is to choose G = SO(3),
H = SO(2), and G/H = SO(3)/SO(2) = S2. Therefore we need to have three components
for the scalar field and couple them to the fermion field. Resembling the σ-model in (3+1)
dimensions, the model is constructed using the Yukawa coupling
L = ψ¯(iγµ∂µ −mn · σ)ψ −L(n) (4)
where σ are the Pauli matrices, and the potential of the n field achieves its local minimum
when n is a unit vector. Without the fermion part, the Lagrangian can be regarded as
describing a ferromagnet in (2+1) dimensions with n as the spin vector.
There are some notes about the model construction. Because the spacetime is (2+1)
dimensional, the Clifford algebra is closed, which is just the algebra of the three Pauli
matrices. Since we also have three scalar field components to couple here, there is no γ5
term possible in the Lagrangian. Also we have assumed the fermion mass µ to be zero, or
just µ << m.
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π2(S2) = Z tells the existence of the topological configurations, i.e. the nontrivial
metastable states. The next section will give the explicit expression for these classical
solutions and their energy spectrum as well.
III. SKYRMION SOLUTION
For any field configuration in the (2+1) dimensional nonlinear σ-model, the degree of the
map, or the topological charge, is expressed as[? ]
Q =
1
8π
∫
d2xǫµνǫabcna∂µnb∂νnc (5)
where µ, ν = 1, 2 and a, b, c = 1, 2, 3. It has a simple form in spherical coordinates n1 =
sin θ cosφ, n2 = sin θ sinφ, n3 = cos θ
Q =
1
4π
∫
sin θ(x)dθ(x)dφ(x) (6)
from which it is clear that Q is an integer and is just the number of times the sphere S2 is
wrapped around the unit sphere of n.
Now we have the inequality
(∂µn
a + ǫµνǫ
abcnb∂
νnc)
2 ≥ 0 (7)
which is expanded to be
∂µna∂
µna + 2ǫµνǫabc∂µnanb∂νnc + ǫ
abcǫ b
′c′
a ǫ
µνǫ ν
′
µ nb∂νncnb′∂ν′nc′ ≥ 0 (8)
Using the formulae
ǫabcǫ b
′c′
a = δ
bb′δcc
′
− δbc
′
δb
′c (9)
ǫµνǫ ν
′
µ = g
νν′ (10)
it is found
∂µna∂
µna ≥ ǫµνǫabcna∂µnb∂νnc (11)
Since the gradient energy
E =
∫
d2x∂µna∂
µna (12)
the definition in Eq. 5 gives
E ≥ 8πQ (13)
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which is the lower bound of the energy in each homotopy class, i.e. the energy of the
metastable states.
The above discussion also tells the static solutions satisfy
∂µn
a = −ǫµνǫ
abcnb∂
νnc (14)
Introducing a complex variable w, where
w = w1 + iw2 (15)
w1 = cot
θ
2
cosφ (16)
w2 = cot
θ
2
cosφ (17)
the condition gives
∂w1
∂x1
=
∂w2
∂x2
(18)
∂w2
∂x1
= −
∂w1
∂x2
(19)
which are recognized to be the Cauchy-Riemann conditions for a holomorphic function in
the complex plane z = x1 + ix2.
To find the detailed form of the function w(z), the boundary condition is needed. As the
discussion in Sec. I tells, the field should approach a constant at |z| → ∞. Because of the
global symmetry, we can assume the asymptotic value to be n→ (0, 0, 1), that is, θ is zero
at infinity. The field n is a continuous function of the coordinates, so the only singularities
possible are poles. Now we can write down the solution
w(z) =
∏
i
(
z − zi
λ
)mi
∏
j
(
λ
z − zj
)nj (20)
where the boundary condition requires
∑
i
mi >
∑
j
nj (21)
According to Eq. 6, the topological charge Q is the number of solutions of Eq. 20 that
express z in terms of w, i.e.
Q =
∑
i
mi (22)
5
As an example let’s examine the skyrmion case, that is, Q=1. The complex solution
reduces to
w(z) =
z − z0
λ
(23)
We can simply move the origin in the complex plane to z0. Then using
w = cot
θ
2
eiφ (24)
we have
n1
1− n3
=
x1
λ
(25)
n2
1− n3
=
x2
λ
(26)
The explicit solutions are
n1 =
x1
r
·
2λ
r
1 + λ
2
r2
(27)
n2 =
x2
r
·
2λ
r
1 + λ
2
r2
(28)
n3 =
1− λ
2
r2
1 + λ
2
r2
(29)
where r =
√
x21 + x
2
2. Finally we find that it is just a stereographic projection, with λ a
scale factor.
The existence of the scale factor is interesting. It means there are a family of metastable
solutions for a given homotopy class. However we can expect the scale factor to be restricted
by the higher order derivative terms in the effective Lagrangian for the n field, that is, a
small perturbation in the skyrmion energy which depends on λ.
Up till now we have explicitly shown that the static solutions with nontrivial topological
charges indeed exist in the (2+1)-dimensional nonlinear σ-model. To understand the physical
significance of the topological charge, besides affecting the configuration energy, the coupling
to the fermion fields should be taken into consideration. In fact, as a result of the index
theorem, the topological charge equals the index of the Hamiltonian, that is, the fermionic
charge of the ψ field. To verify this relation we will calculate the vacuum expectation value
of the fermionic current in the presence of the topological configurations in the next section.
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IV. FERMIONIC CURRENT
We follow the path integral approach for the expectation value 〈jµ〉. That is, introducing
an auxiliary field Aµ, we rewrite the Lagrangian as
L = ψ¯(iγµ∂µ + γ
µAµ −mn · σ)ψ (30)
where the fluctuations in the n field is ignored. Therefore
〈jµ〉 =
∫
Dψ¯Dψψ¯γµψ exp(i
∫
d3xL)∫
Dψ¯Dψ exp(i
∫
d3xL)
|Aµ=0 (31)
= −i
δ
δAµ
∫
Dψ¯Dψ exp(i
∫
d3xL)∫
Dψ¯Dψ exp(i
∫
d3xL)
|Aµ=0 (32)
that is,
〈jµ〉 = −i
δ
δAµ
eiSeff[Aµ,n]
eiSeff[Aµ,n]
|Aµ=0 (33)
=
δSeff[Aµ,n]
δAµ
|Aµ=0 (34)
where
eiSeff[Aµ,n] =
∫
Dψ¯Dψ exp(i
∫
d3xL) (35)
From the Grassmannian integral formula, we know
eiSeff[Aµ,n] =
∫
Dψ¯Dψ exp(i
∫
d3xψ¯(iγµ∂µ + γ
µAµ −mn · σ)ψ) (36)
= det(−iγµ∂µ − γ
µAµ +mn · σ) (37)
so
Seff[Aµ,n] = −i log det(−iγ
µ∂µ − γ
µAµ +mn · σ) (38)
= −itr log(−iγµ∂µ − γ
µAµ +mn · σ) (39)
Denoting D = −iγµ∂µ − γ
µAµ +mn · σ, Eq. 34 tells
〈jµ〉 = −i
δtr logD
δAµ
|Aµ=0 (40)
= −itr(
δD
δAµ
D−1)|Aµ=0 (41)
= −itr(−γµD−10 ) (42)
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where
D0 = D|Aµ=0 (43)
= −iγµ∂µ +mn · σ (44)
Hence
〈jµ〉 = itr(γµD−10 ) (45)
= itr(γµD−10 D
†−1
0 D
†
0) (46)
= itr(γµ(D†0D0)
−1D†0) (47)
where
D†0 = iγ
µ∂µ +mn · σ (48)
D†0D0 = ∂
2 +m2 + imγν∂νn · σ (49)
that is
〈jµ〉 = itr(γµ
1
∂2 +m2 + imγν∂νn · σ
(iγρ∂ρ +mn · σ)) (50)
To avoid confusions we use Greek letters for the spacetime indices and Latin letters for
the internal space indices in the following calculation. The gradient expansion is used to
evaluate the trace, that is
1
∂2 +m2 + imγν∂νn · σ
=
1
∂2 +m2
(1 +
∞∑
k=1
(−imγν∂νnaσ
a 1
∂2 +m2
)k) (51)
Since the scalar fields only act as a background, we can let m → ∞, and determine the
possible nonvanishing terms using dimensional analysis. The Lagrangian Eq. 30 tells that
the current jµ is of mass dimension two, hence only the first three two terms in the gradient
expansion, with 0, 1, and 2 derivatives respectively, may have a nonvanishing trace. We
examine them one by one
〈jµ〉(0) = itr(γµ
1
∂2 +m2
(iγρ∂ρ +mn · σ)) (52)
= −tr(γµ
1
∂2 +m2
γρ∂ρ) + itr(γ
µ 1
∂2 +m2
mn · σ) (53)
where the first term vanishes because it is an odd function for the four-momentum of the
eigenmodes, or in other words, an odd function of ∂µ. The second term is also zero since
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trσ = 0. Now for the first order expansion term
〈jµ〉(1) = tr(γµ
1
∂2 +m2
mγν∂νnaσ
a 1
∂2 +m2
(iγρ∂ρ +mn · σ)) (54)
= itr(γµ
1
∂2 +m2
mγν∂νnaσ
a 1
∂2 +m2
γρ∂ρ) (55)
+ tr(γµ
1
∂2 +m2
mγν∂νnaσ
a 1
∂2 +m2
mn · σ) (56)
where the first term vanishes for the same reason as in the zeroth expansion, and the second
term can be rewritten as
〈jµ〉(1) = 4m2na∂
µnatr(
1
∂2 +m2
1
∂2 +m2
) (57)
where we have used the following identities
tr(γµγν) = 2gµν (58)
tr(σaσb) = 2δab (59)
Hence 〈jµ〉(1) also vanishes because n is a unit vector. The only possibility left is the second
order expansion
〈jµ〉(2) = −itr(γµ
1
∂2 +m2
mγν∂νnaσ
a 1
∂2 +m2
mγρ∂ρnbσ
b 1
∂2 +m2
(iγλ∂λ +mn · σ))(60)
= tr(γµ
1
∂2 +m2
mγν∂νnaσ
a 1
∂2 +m2
mγρ∂ρnbσ
b 1
∂2 +m2
γλ∂λ) (61)
− itr(γµ
1
∂2 +m2
mγν∂νnaσ
a 1
∂2 +m2
mγρ∂ρnbσ
b 1
∂2 +m2
mn · σ) (62)
Previous experiences tell us only the latter part needs to be considered. Using the identities
tr(γµγνγρ) = −2iǫµνρ (63)
tr(σaσbσc) = 2iǫabc (64)
we find
lim
m→∞
〈jµ〉 = 〈jµ〉(2) (65)
= −4im3ǫµνρǫabcna∂νnb∂ρnctr(
1
∂2 +m2
1
∂2 +m2
1
∂2 +m2
) (66)
where the trace of the differential operators can be evaluated as an integral in the three-
dimensional Euclidean momentum space
tr(
1
∂2 +m2
1
∂2 +m2
1
∂2 +m2
) = i
∫
d3p
(2π)3
1
(p2 +m2)3
(67)
=
i
2π2
∫ ∞
0
p2
(p2 +m2)3
dp (68)
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where p = |p|. Since ∫ ∞
0
p2
(p2 +m2)3
dp = m−3
∫ ∞
0
dx
x2
(x2 + 1)3
(69)
= m−3
∫ pi/2
0
dθ sin2 θ cos2 θ (70)
=
π
16
m−3 (71)
we obtain the result for the expectation value of the fermionic current
〈jµ〉 =
1
8π
ǫµνρǫabcna∂νnb∂ρnc (72)
The charge associated with the current is just the fermionic number
F =
∫
d2x〈j0〉 (73)
which is just the topological charge of the scalar field configuration defined in Eq. 5. There-
fore, we have confirmed the topological charge as the fermionic number of the coupled
fermion field, integrated over all the fermion configurations. Physically speaking, in the
presence of the topological configurations, fermions tend to dwell inside these scalar fields
and carry a topologically protected fermionic number. The (2+1)-dimensional nonlinear
σ-model provides a scenario for fermion number conservation.
The above conclusions also apply to nonlinear σ-models in other dimensions. However, the
(2+1)-dimension model has a unique feature which distinguishes itself, that the skyrmions
may exhibit fractional statistics. This peculiar feature will be further explored in the next
which is also the last section.
V. FRACTIONAL STATISTICS
Even without coupling to the fermionic field, the topological configurations of the scalar
may have their own statistical properties, maybe different from the scalar itself. In the
(3+1)-dimensional nonlinear σ-model the skymion can be either a boson or a fermion, by
introducing the Wess-Zumino-Witten term[? ]. Here in our (2+1)-dimensional a similar
term also exists, but leads to peculiar statistics of the skymion.
To introduce the additional Hopf term[? ] we notice that the topological current in
Eq. 72 naturally satisfies the current conservation equation
∂µj
µ = 0 (74)
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where we have dropped the bracket denoting the vacuum expectation value, since the current
only depends on n. Because the spacetime is three-dimensional, a gauge potential Aµ can
be manufactured by the curl equation
jµ = ǫµνλ∂νAλ (75)
where jµ is invariant under the gauge transformation Aµ → Aµ − ∂µΛ. Eq. 72 tells that Aµ
is a functional of the n field with nonlocal dependence. The gauge field makes it possible
to add to the action another term
S = S0 +ΘH (76)
where Θ is an arbitrary parameter, and
H = −
1
2π
∫
d3xAµj
µ (77)
which is mathematically the homotopic invariant of the map S3 → S2. Just as the existence
of the skyrmion is assured by π2(S2) = Z, the integrity of introducing the topological Hopf
term H is due to the fact that π3(S2) = Z.
To discuss the statistics of the skyrmion affected by the Hopf term, we first realize that
the statistics refers to the phase of interchanging two skyrmions, which is related to the
phase of rotating one skyrmion by 2π, that is, the spin. Therefore we consider the adiabatic
process of rotating a topological configuration n(x) by the angle 2π in the two-dimensional
space, over a long period of time T . The spin or intrinsic angular momentum J can be found
by looking for the phase factor
ei2piJ = eiS (78)
where S is the action corresponding to the adiabatic rotation process, consisting of the
gradient part S0 and the Hopf term. The gradient energy goes as 1/T
2 and thus the action
S0 is of the order 1/T → 0 as T → ∞. In other words, the skyrmion is a spin 0 scalar
configuration without the Hopf term, as we expect.
The effect of the Hopf term, it is convenient to recall that the three components of the
n field satisfy the SU(2) algebra and a rotation in space corresponds to an isospin rotation.
In other words, we have a time-varying configuration n(x, t) which satisfies
n(x, 0) = n(x, T ) (79)
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In other words, the time dimension is compactified into a circle S1 and the time-varying field
acts as a map from S2×S1 to S2. This map is homotopically equivalent to the map S3 → S2
and since H is the homotopic invariant, it will take on integer values which indicate the
number of times the spacetime wraps around the two-dimensional sphere of the n vector.
Now that the skyrmion is rotated by 2π, the homotopic invariant is 1, i.e.
ei2piJ = eiΘH = eiΘ (80)
that is, the spin of the skyrmion
J =
Θ
2π
(81)
Now the issue is quite clear. The parameter Θ controls the spin of the topological config-
uration of the n field, which can take on any value. Therefore the skyrmion can continuously
interpolate between fermions with spin half odd and bosons with spin integer. Also possible
are skyrmions with exotic spins like 2/3, 3/5, etc. These configurations will cause fractional
statistics, which are often coined as anyons[? ].
These discussions of the nonlinear σ-model reveal the topological significance of this
model. Skyrmions as configurations with nontrivial topological charge have finite energy
and carry fermionic number with them. Regarded as extended particles, they exhibit exotic
spin and statistical properties because of the spacetime dimension. It is a quite rich subject
and can be applied in lower-dimensional electromagnetic systems as well.
12
